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Abstract

We solve the problem of Apollonius by applying the Lorentz transformation within the framework of special relativity to go to a
frame of simultaneity, where the solutions are the circumcenter. We transform back to get the solutions in a general frame. We
show that the solutions in a general frame are the foci of the ellipse going through the centers of the given 3 circles.
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1. Apollonius’ Problem and Lorentz Invariance
Apollonius problem can be stated as follows. Given 3 circles, find the circles that touch these three circles. Let C,, C,, C,. be the three

given circles, with centers 4 = [a,, a,], B=[b, b,], C=[c,, ¢,] and with corresponding radii +r,=a,, +r,=b,, 7, = c,. We can view

the problem in 3 dimensions, in particular in (2,1)-dim spacetime. There, the circles are given by the position vectors @= (a,, a,, a3),3=
(b, b,, b)) and ¢= (c,, c,, c,). In (2,1)-dim the problem we need to solve is, where do the following 3 light cones meet

(—a1)’+ (y — a2)® = (t — a3)?
(x—b1)” + (y — b2)? = (t — b3)? (1)
(=)’ + (y—c2)® = (t—ca)®

When we subtract these equations in pairs we obtain

b +b3 —b3  af +aj+ —aj

(b1 —a1) + y(b2 — az) —t(bs —az) =

2 2
2 2 2 2 2 2
- b1 +b5 —b
@(cr — i) + ylea — b) — t(cs — bs) = +622 S oA 22 ) @
2 2 2 2, 2 2
2(a1 — e1) + y(az — ca) — t(as — c3) = T a; = - +622 -

Observe that this linear set of equations (2) is Lorentz invariant in the sense that it is formulated in terms of a relativistic inner product

U = u1v1 + ugv2 — U3V3 (3)

<l

The same is true for the set of equations that defines the problem, Eq.1. With this observation, the solution to Apollonius’ problem can be
obtained in the following manner. Solve for the plane through the points and intersect it with the line given by the linear set of equations,
Eq.2. To get the solutions, we only need to compute the relativistic length from the point of intersection with any point of the given
points, using the relativistic inner product, Eq.3. We need to move in the direction of the line given by Eq.2 up and down, starting from
the point of intersection, to get the solutions. Let’s explain why this is true.

Suppose the circles are of the same size for example, then the solution is the circumcenter.
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Figure 1: The 3 given circles are being displayed as 3 green points in (2,1)-dim. There is a point in time where the three given circles
are shrunk to a point and since the circles are the same size, these points are on a horizontal plane. The circumecenter of the circle going
through the given green points is shown in blue. The red points are the solutions in (2,1)-dim spacetime and have, in the case that the
green circles are the same size, the same X, y coordinates as the blue circumcenter.

In 3 dim the line goes up and down from the circumcenter by a length,/=22 — 32 + 2> where here —x* — > = 0.

In the general case, where the circles are not the same size,

Figure 2: The 3 given circles are shown as 3 green points. Since they are of different sizes they are not an a horizontal plane. The red
points are the solutions to the problem. They are the circles that touch the 3 given circles. Also, the associated cones of the red points are
being displayed. They meet in an ellips, which goes through the 3 green points.

we can just Lorentz transform the problem into a situation where the circles are the same size. This is the frame of simultaneity. We can
do this, since the linear set of equations (2) is Lorentz invariant.

We can solve of the (2,1)-circumcenter through intersecting the line given by Eq.2 and the plane through the 3 given points. This is
true because, if in one frame, the frame of simultaneity, the intersection is the circumcenter, then in any Lorentz transformed frame the
circumcenter becomes just the (2,1)-circumcenter. We can view this as the definition of the (2,1)-circumcenter. The solutions are just the
relativistic length up and down analogues to the case when the line is vertical in the case the given circles are all the same size.

2. Foci of the Ellipse
The solutions to Apollonius problem are the foci of the ellipse through the given 3 points.
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Figure 3: The (2,1)-dim configuration is being projected on a horizontal plane.

The ellipse is just the Lorentz transformed circle going through the centers of the 3 given circles. We show in 2-dim that the ellipse goes
through the centers of the three given circles and that the centers of the solution circles are the foci of the ellipse.

Figure 4: The blue and the red circle are the solutions to the problem, which touch the 3 given green circles. The ellipse goes through
the centers of the 3 given circles and the centers of the solutions are the foci of the ellipse.

3. Two Given Circles Inside Another Given Circle

The problem of Apollonius can be stated in many different situations and these can limit the number of solutions to the point there aren’t
any. The given circles can be inside each other for instance. We consider the scenario in which two given circles are inside the third
given circle
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Figure 5: The 3 given circles are shown in green and the solution circles in red and blue. When 2 of the three given circles are inside the
third given green circle, the conic section that goes through the centers of the given 3 circles is an hyperbola. The centers of the solution
circles are the foci of the hyperbola.

In this case the conic section is a hyperbola instead of an ellipse. The hyperbola goes through the centers of the given 3 circles, and the
centers of the blue and the red circle are the foci of the hyperbola. In general, there are maximally 8 solutions, so 4 pairs, since the radii
of the given circles correspond to 2 points in (2,1)-dim spacetime.

4. The Lorentz Transformation
We can construct the Lorentz transformation in (2,1)-dim by combining three (2,1)-orthonormal basis vectors e = 5, ex =
es = —“Xv_ into a matrix A, such that the basis vectors form the

T(uxv)
(e1)1 (e2)1 (e3)1
A =ejezes = (61)2 (62)2 (63)2
(e1)s (e2)s (e3)s

Using the above notation, the Lorentz transformation is then represented by the matrix

uX (uXv)
o(ux(uxv))’

u  ux(uxv) uxwv
o(u) o(u x (uxv)) 7(u X v)
where u = /ﬁz andv = E, and o(u) = VUi +u3 - uj and 7(u) = \/—uf —u3+u3, and where v x w= Wy, = vw, vow, —vw, —
(v,w, —v,w,)) is a (2,1)-dim cross product. Note that the (2,1)-dim cross product ensures that the (2,1)-dim cross product ensures that
the basis vectors are (2,1)-dim perpendicular and the T and ¢ functions normalise the vectors. Usually the Gram-Schmidt process is used
for creating perpendicular vectors [32]. The obtained Lorentz transformation allows us to go to the frame of simultaneity, where the 3
given circles are the same size.

A=

5. Conclusion
We have proposed a way of calculating the solutions of Apollonius’ problem by solving two matrix equations and computing a relativistic
length. The solutions are the foci of the corresponding conic going through the centers of the 3 given circles in 2-dim.
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