ISSN: 2834-7706

ISSN: 2834-7706

Journal of Mathematical Techniques and Computational Mathematics

Short Communication

Results of a Korteweg-de Vries Equation Generated by a Semigroup of Linear
Operators

E E Aribike!, AY Akinyele*, F J Fawehinmi® and J O Olabode*

'Department of Mathematics, Lagos State University of *Corresponding Author

Science and Technology, Nigeria AY Akinyele, Department of Mathematics, University of Ilorin, Lagos State
University of Science and Technology, Nigeria.

2University of llorin, Lagos State University of Science and

Technology, Nigeria Submitted: 2024, Aug 16; Accepted: 2024, Sep 12; Published: 2024, Sep 20

3Department of Mathematics, Adeyemi Federal University
of Education, Nigeria

‘Department of Statistics, Federal Polytechnic, Nigeria

Citation: Aribike, E. E., Akinyele, A. Y., Fawehinmi, F. J., Olabode, J. O. (2024). Results of a Korteweg-de Vries Equation
Generated by a Semigroup of Linear Operators. J Math Techniques Comput Math, 3(9), 01-07.

Abstract

In this study, partial contraction mapping with w-order preservation (w-OCPn,) is shown to provide a broad class of
semilinear initial value issues. By starting with certain conclusions pertaining to such fractional powers, we investigated
the application of fractional powers of unbounded linear opera- tors. The fractional powers of A for 0 < o < I are defined
on the assumption that A is the infinitesimal generator of an analytic semigroup in a Banach space X, 0 € p(A). We
demonstrated that the closed linear operator Ao with domain D(A%) D D(A) is dense in X. Finally, we determined that the
operator is Holder continuous, continuous, and bounded.
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1. Introduction
Consider the Korteweg-de Vries equation

U+ Upge +uuU, =0 £ 20 —co<xr <0

u(0,x) = ug(x)

(1.1)

such that all function are real valued. For every real s we introduce a Hilbert space H * (R) as follows: Let u € L?(R) and set

Jull, = ( Jax 52>8|a<s>2ds) - (1.2)

The linear space of functions u € L* (R) for which [ju]| is nite is a pre-Hilbert space with the scalar product

(u,0) = / (1+ 2 a(€)a(e)de. (13)

The completion of this space with respect to norm Il | is a Hilbert space which is denoted by /* (R). It is clear that /H ° (R) = L * (R).
The scalar product and norm in L * (R) is denoted by (,) and I I . Furthermore, it is easy to check that the spaces / * (R) with s =n
coincide with the spaces /" (R), n > 1. Suppose B, is the ball of radius » > 0 in Y centered at the origin and consider the family of
operators A(v), v € B,. Because of the special form of the family 4(v), v € B, it follows that it suffices to state the following three
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conditions:
(P,) The family A(v), v € B, is a stable family in X.
(P2) There is an isomorphism of Y onto X such that for every v € B SA(v)S ™' — A(v) is a bounded operator in X and

|SA(w)S™ — A(v)|| < Cy for all v € B,. (1.4)

(P,) For each v € B, D(A(v)) © Y, A(v) is a bounded linear operator from Y into X and

|A(v1) — A(va) ||y »x < Coflvr — va|. (1.5)

Furthermore, if lu | <7and v € B, then
[A(w)uo|l < [ DPuol| + [[vDuo|
< || D%uol| + [[vlloo][ Do

< uolls(1 +7) < r(1+7) = k. (1.6)

Suppose X is a Banach space, X € X'is a finite set, @ — OCP, the w-order preserving partial contraction mapping, M, be a matrix,
L(X) be a bounded linear operator on X, P a partial transformation semigroup, p(4) a resolvent set, o(4) a spectrum of 4. This paper
consist of results of w- order preserving partial contraction mapping generating a Korteweg-de Vries equation. In and Akinyele e? al.
obtained differentiable and analytical conclusions on w-order preserving partial contraction mapping in semigroup of linear operator
[1,2]. They also described w-order reversing partial contraction mapping as a compact semigroup of linear operator. An operator
calculus for infinitesimal semigroup generators was presented by Balakrishnan [3]. Ba-nach created and first proposed the idea of
Banach spaces [4]. The nonlinear Schrodinger evolution equation was created by Brezis and Gallouet [5]. A resolvent method to
the stability operator semigroup was presented by Chill and Tomilov [6]. Davies discovered the spectrum of linear operators [7].
For equations of linear evolution, Engel and Nagel presented the one-parameter semigroup in their paper [8]. As well as introducing
dual properties of w-order reversing partial contraction mapping in semigroup of linear operator in Omosowon et al. produced some
analytical results of semigroup of linear operator with dynamic boundary conditions [9,10]. Pazy reported asymptotic behavior
of an abstract evolution’s solution and various applications, he obtained a class of evolution’s semi-linear equations [11,12]. Rauf
and Akinyele created w-order preserving partial contraction mapping and acquired its qualities [13]. Also in Rauf et al. established
some results of stability and spectra properties on semigroup of linear operator [14]. Vrabie demonstrated a few applications of the
CO-semigroup’s findings [15]. Yosida derived several conclusions on the differentiability and representation of a linear operator
one-parameter semigroup [16].

2. Preliminaries
Definition 2.1 (C-Semigroup) [15]
A C-Semigroup is a strongly continuous one parameter semigroup of bounded linear operator on Banach space.

Definition 2.2 (w-OCP),) [13]
A transformation a € P is called w-order preserving partial contraction mapping if Vx, y € Doma: x <y == ox < ay and at least one
of its transformation must satisfy ay = y such that 7' (¢ + s) = T (f) T(s) whenever ¢, s > 0 and otherwise for 7'(0) = .

Definition 2.3 (Evolution Equation) [12]
An evolution equation is an equation that can be interpreted as the differ- ential law of the development (evolution) in time of a
system. The class of evolution equations includes, first of all, ordinary differential equations and systems of the form

u=f(© u),u=f( u, u),

etc., in the case where u(t) can be regarded naturally as the solution of the Cauchy problem; these equations describe the evolution
of systems with finitely many degrees of freedom.

Definition 2.4 ( Mild Solution) [11]
A continuous solution u of the integral equation.

t

u(t) =Tt —to)uo + / T(t—s)f(s,u(s))ds

to
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will be called a mild solution of the initial value problem

DO | du(t) = Fit,u(t)), ¢ > to

U(to) = Ug

if the solution is a Lipschitz continuous function.

Definition 2.5 (Analytic Semigroup) [15] _

We say that a C-semigroup {7 (¢); ¢ > 0} is analytic if there exists 0 < & <, and a mapping S : C, — L (X) such that:

(1) T () = S(¢) for each ¢ > 0;

(ii) Sz, +z,) = 8(z)S(z,) forz , z, € (_]9 ;

(iii) lim_ 7, ,S(z,)x = x for x € X; and

(iv) the mapping z, — S(z,) is analytic from C, to L(X). In addition, for each 0 < J < 6, the mapping z, — S(z,) is bounded from C
to L(X), then the C-Semigroup {7(¢); t = 0} is called analytic and uniformly bounded.

Definition 2.6 (Strongly Elliptic) [1]
The operator A(x, D) is strongly elliptic if there exists a constant C > 0 such that
Re(=1)"4'(x, &) = CIgP"

forall x € Q and & € R™.

Example 1
For every 2 x 2 matrix in [M (R")].
Suppose
2 0
A=
A 2

and let 7(¢) = ", then we have

Example 2
For every 3 x 3 matrix in [M (C)], we have for each A > 0 such that € p(4) where p(4) is a resolvent set on X.

Suppose we have

2 21
A=12 2 2
A 2 2

and let 7(¢) = e, then we have

€2t>\ €2t>\ T

tA
et — | p2tn g2t 2t

eAt)\ €2t/\ 62t)\
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Example 3
Let X= C ,(N U{0}) be the space of all bounded and uniformly continuous function from N U{0} to R, endowed with the sup-norm
I+l _andlet {7(7); t € R,} € L(X) be defined by

(T@Of)s)=f(t+5)

For each f'€ X and each 1, s € R, one may easily verify that {7 (¢); f € R}
satisfies Examples 1 and 2 above.

Lemma 2.1
Let Q be a bounded domain in R” with boundary 0Q of class € and let u € W™ (Q) N L7(Q) wheretl. <7, g <oo. For any integer j,
0<j<mandany;j/m<3=<1we have

1D ullop < Cllully,llulloy” (2.1)
provided that

1 ' 1 m 1

—=l+19<———)+(1—19)— (2.2)
p n roon q

andm — j — 7 is not a nonnegative integer, the (2.1) holds with ¥ = #

3. Main Results
This section presents the semigroup of linear operator’s results by creating a Korteweg-de Vries equation using w-OCP :

Theorem 3.1

Let A4 : D(4) € H* (R)— H? (R) be the infinitesimal generator-of a Cj=semigroup {7 (¢)
(i) Fort>s, H* (R) o H'(R) and lul > lul_foru € H'(R).

(i) For H*R)e€R)and foru € H* (R),

} where 4 € @ — OCP,. Then we have:

t=0

[ullos < Cifjulls (3:1)

where lul_ = sup{|u(x)| : x € R}.

Proof
Part (i) is obvious from the definitions and the elementary inequality

(1+&3 > (1+&%)° fort>sand € €R.

From the Cauchy-Schwarz in¢quality we have,

e = | [ g < ([ 55" (o eriiere) =i

Therefore, that the integral defining  in terms of # converges uniformly and u is continuous.
Moreover,

[ulloe < Cllulls.

Hence the proof is completed.

Theorem 3.2
Suppose 4 : D (4) & X — Xis a real valued function such that 4 € w — OCP . For every v € Y the operator A(v) = 4, + A4,(v) is the
infinitesimal generator of a C-semigroup 7 (¢) on X satisfying
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IT ()] < e (3.2)

for every g > f (v) = C Ivl, where C, is a constant independent of v € Y.
Proof
we note first tat since v € H* (R), Dv € H *"'(R) and since s > 3, it follows from Theorem 3.1 that Dv € L*(R) and that IDvl_ <
CIDvI_ < Clvl .
s—1 — s

Now, for every u € H '(R) we have

1 1
(A1(v)u,u) = /vDu ~udr = 5 /vDqum = é/DUUde
1
> =5 l1Dvlleo[ul* = =Colflls[lul*

Therefore, 4,(v) + I is dissipative for all > f (v) = C IVl . Since 4, is skew-adjoint, 4, + 4 (v) + Bl is also dissipative for = B (v).
Moreover,

1(Ax(v) + B1)ull < lvDull + Bllull < [lullool[ Dull + Bfull (3.3)

Using integration by parts, it is not difficult to show that for every u € H 3 (R) we have IDul < lul**1D*ul'* and by polarization we
obtain for every ¢ > 0,

[1Dull < el D*ul| + C(e)full- (3.4)

Choosing ¢ = 3||v||s and substituting (3.4) into (3.3) yields
1
1(Ax(v) + BT)ull < Sl Aoul| + Cllull (3.5)

forallu € D(4)) and 4 € w — OCP,.

Therefore, we have that 4, + 4,(v) + Bl = A(v) + Bl is the infinitesimal generator of a C-semigroup of contractions of X for every f8

=B, ().

Hence, 4(v) is the infinitesimal generator of a C-semigroup 7' (¢) and this achieved the proof.

Theorem 3.3

Assume 4 : D (A) € X — Xis areal valued function such that 4 € w — OCP . Let f€ H* (R), s> 3 and let T = (A’ M,—M, M)A,

Then
T is a bounded operator on X = L2 (R) and

IT|| < Cllgrad flls-1- (3.6)

Proof
The Fourier transform of 7 is the integral operator with Kernel K(¢, ) given by

K(&n) = {(1+&)2 = L+ )P (€ =) (1 +*)7 02

since

(14 €)% — (14 72)*?) < sl€ —n|(1 4+ EH)EV2 4 (1 4 5?72

we have
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K(&n) < s(1+&)D21e—n| f(€—n) Q+n?) ) 24 s|g—n| f(€—n) = k(&) +ka(E, 7).

To show that 7 is bounded, it suffices to show that operators T, and 7, with Kernels & (&, #) and k,( #) are bounded. Using the
inverse Fourier transform we find that

Tl = SASilMgAlis, T2 = SMg (37)

Where Mg is the multiplication operator by the function g for which g (&) =|¢| f (). From (ii) of Theorem 3.1, it follows that

9]l < Cllglls—1 < Cllgrad flls-1- (3.8)
Now,

IThull = | A MyA™"ull = 5[ MgA™ulls—1 < slgl|ooul (3.9)
and

[Toull = sllgull < sllglloollu]l- (3.10)

Therefore both 7' and T, are bounded operators in X. Combining (3.8) with (3.7) and (3.10) yields the desired estimate (3.6). Hence
the proof is completed.

Theorem 3.4
Let 4: D(4) © X — X be the infinitesimal generator of a C-semigroup {7 (?)
B_satisfies the conditions (P)) — (P,).

}. For every r > 0, the family of operators A(v), v €

=0

Proof

Suppose > 0 is fixed. From Theorem 3.2, it follows that if 8 > Cr, A(v) is the infinitesimal generator of a C -semigroup T (f)
satisfying I (¢)I < ¢’ and therefore A(v), v € B, is a stable family in X.

Assume S = A° is an isomorphism of Y= H* (R) onto X= L ? (R). A simple computation shows that for u, v € Y we have

(SA()S™! — A(v))u = (S(vD)S™' —vD)u
= (Sv —v8)S™'Du
and therefore by Theorem 3.3, we have
I(SA()S™ — A(v))ull = [(A"M, — M,A") A AT Au|
< [(A°M, — M,A%) A [A™ Al
< Cllgrad v||salfull < Cllvfly[u]-

Since Y is dense in X it follows that ISA(v)S™ — A(v)l < Clvl < C and (P2) is satisfied. Finally, since s > 3, D(4(v)) D Y for every u
€Y A€w—OCP andv € B, we have

[A@)ull < [|A%]| + floAull < [[A%] + [[v]loo|| Auf
< (L4 Cllolls)lfulls < (1 + Cr)full,

and therefore 4(v) is bounded operator from Y into X. Moreover if v, v, € B, v € Y, then
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[(A(v1) — A(va))ull = [[(v1 — vo) Aul|

< lvr = va[[[Aulloe < Cllvr = val[Jully

and the proof is competed.

4. Conclusion
It has been demonstrated in this study that various Korteweg-de Vries equations can be generated by partial contraction mapping
with w-order preservation.
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