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Abstract

Various mathematical models of deformable solids mechanics are used in the study of seismic processes in the earth's
crust. The processes of waves propagation are most studied in elastic media. But these models do not take into account
many real properties of the ambient array. These are, for example, the presence of groundwater, which complicates
the construction and operation of surface and underground structures, affect the magnitude and distribution of
stresses. Models, which take into account the water saturation form the earth's crust structures, the presence of gas
bubbles, etc., are multi-component medium. A variety of multicomponent media, the complexity of the processes
associated with their deformation, lead to a large difference in the methods of analysis and modelling used in the
solution of wave problems. In this paper the processes of wave propagation in a two-component Biot medium under
the action of periodic forces of various forms are considered. Using the Fourier transform of generalized functions,
fundamental solutions are constructed - the Green's tensor of the Biot equations and its properties are studied. This
tensor describes the process of propagation of harmonic waves of a fixed frequency in spaces of dimension N = 1,2,3
under the action of power sources concentrated at the origin of coordinates, described by a singular delta function.
On its basis, generalized solutions of these equations are constructed under the action of various sources of periodic
disturbances, which are described by both regular and singular generalized functions. For regularly acting forces,
integral representations of solutions are given, which can be used to calculate the stress-strain state of a porous
water-saturated medium.

Keywords: BIOT’s Medium, Liquid Component, Solid Component, Stationary Oscilation, Fundamental Solution, Fourier Trans-
formation, Regularization

1. Introduction

Various mathematical models of deformable solids mechanics are used in the study of seismic processes in the earth's crust. The
processes of waves propagation are most studied in elastic media. But these models do not take into account many real properties of
the ambient array. These are, for example, the presence of groundwater, which complicates the construction and operation of surface
and underground structures, affect the magnitude and distribution of stresses. Models, which take into account the water saturation
form the earth's crust structures, the presence of gas bubbles, etc., are multi-component medium. A variety of multicomponent
media, the complexity of the processes associated with their deformation, lead to a large difference in the methods of analysis and
modelling used in the solution of wave problems.

Porous medium saturated with liquid or gas, from the point of view of continuum mechanics, is essentially a two-phase continuous
medium, one phase of which is particles of liquid (gas), other solid particles is its elastic skeleton. There are various mathematical
models of such media, developed by various authors. The most famous of them are the models of M. Biot, V.N. Nikolaevsky, L.P.
Horoshun [1-7]. However, the class of solved tasks to them is very limited and mainly associated with the construction and study of
particular solutions of these equations based on the methods of full and partial separation of variables and theory of special functions
in the works of Rakhmatullin, H. A., Saatov Ya. U., Filippov L. G., Artykov T. U. [6,7], Erzhanov Zh. S, Ataliev Sh.M., Alexeyeva
L.A and the others [1-5] etc. In this regard, it is important to develop effective methods of solution of boundary value problems for
such media with use of modern mathematical methods.

Periodic on time processes are very widespread in practice. By this cause here we consider the process of wave propagation in
the Biot’s medium, posed by the periodic forces of different types. Based on Fourier transformation of generalized functions we
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constructed fundamental solutions of oscillation equations of Biot’s medium. It is Green’s tensor, which describes the process of
propagation of harmonic waves at a fixed frequency in the space-time of dimension N=1,2,3, under the action of concentrated at
the coordinates origin. By use this tensor we construct generalized solutions of these equations for arbitrary sources of periodic
disturbances, which can be described both regular and singular distributions. They can be used to calculate the stress-strain state of
a porous water-saturated medium by seismic waves propagation.

2. Biot’s Equations of a Two-Components Medium

The equations of motion of a homogeneous isotropic two-component M. Biot medium are described by the following system of
second-order hyperbolic equations [1-3]:

(A+u)graddivu, + pAu, +Qgraddivu, + F* (x,t) = pyii, + pyyii,

(1)
Qgraddivu, + Rgraddivu, +F/ (x,t) = Pyl + Pyl

(x,1)e RY x [0,00) . Here N is the dimension of the space. At a plane deformation N=2, the total spatial deformation corresponds
to N=3, at N=1 the equations describe the dynamics of a porous liquid-saturated rod. We denote Y5 = U (x,0)e j adisplacements
vector of the elastic skeleton, Yy = Uy (x,0)e j is the displacements vector of a liquid, ¢; (j =L..,N ) are the basic orts of the
Lagrangian Cartesian coordinate system (everywhere by repeating indices there is summation from 1 to N).

Constants 11> P12> P12 have the dimension of mass density and are associated with the density of the masses of the particles,

composing a skeleton Ps and a fluid £, , by relationships:

P11 :(l—m)ps P2 P =MPr =P,

where m is a porosity of medium. The constant of the attached density P12 is related to the dispersion of the deviation of the micro-
velocities of the fluid particles in the pores from the average velocity of the fluid flow and depends on the geometry of the pores.
Elastic constants A, u are the Lame parameters of an isotropic elastic skeleton, and Q, R characterize the interaction of the skeleton
with a liquid on the basis of Biot s law for stresses:

oy = (A0 + 00U, ) S; +”(aiui +8ju,-)
o =-mp=RoO,U, +Q0,u,

)

Here 0 (x,t) are the stress tensor in the skeleton, p(X,?) is a pressure in the fluid. Further we use the notations for partial

0

derivatives: ak za—, Ujp zaku i A =5k8k is Laplace operator. The external mass forces acting on the skeleton
X, ’
F* = F; (x,¢)e; and on the liquid component F/ = ij (x,0)e; -

There are three sound speeds in this medium:

’ 2
2 Oll + 0(1 —40(2053 2
2a @
2

Cl=

[
o~ —4a0 o= P2t 3)
2a, » 7 a,

where the next constants were introduced:
2
a, = (ﬂ' +2,u)p22 +Rp, _2Qp123 O, = PuPx _(IOIZ) » = (ﬂ“+2/u)R_Q2
The first two speeds C,, C, (C, > C,) describe the velocity of propagation of two types of dilatational waves. The second slower

dilatation wave is called the repackaging wave. A third velocity C, corresponds to shear waves and at Q)3 = 0 coincides with
velocity of transverse waves propagation in an elastic skeleton (C, < C)).
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We introduce also two velocities of propagation of dilatational waves in corresponding elastic body and in an ideal compressible

fluid:
\} Pl P

3. The Problems of Dynamics of Biot’s Medium by Periodic Oscillations
Construction of motion equation solutions by periodic oscillations is very important for practice since existing power sources of
disturbances are often periodic in time and therefore can be decomposed into a finite or infinite Fourier series in the form:

F? (x,t) = ZFns (x)e*iwnt’ F/ (x,t) — ZFr'zf (x)e*ia’n’ (4)

where periods of oscillation of each harmonic 7, =27 / @, are multiple to the general period T of oscillation. Therefore, it is
enough to consider the case of stationary oscillations, when the acting forces are periodic on time with an oscillation frequency @ :

F(xt)=F* (x)e™™, F/ (x,6)= F/ (x)e ™ (5)
The solution of the equations (1) can be represented in the similar form:
ug (x,1) =u, (x)e_iw’, u; (x)= us (x)e_iw’ (6)

where the complex amplitudes of the displacements (x) , U .| Xx) must be determined. If the solution has been known for
any frequency o, then we get similar decomposition for the displacements of the medium:

u®(x,t)= 2“2 (x)efiwnt, u' (x,1)= Z”;{ (x)efiwnt 7)

which give us the solution of problem for forces (4).
We get equations for complex amplitudes by stationary oscillations, substituting (6) into the system (1):

(A+ ) graddive’ + pAu’ + Qgraddivu’ + F* (x) =—py,0°u’ - pj,0°u’
(8)

Ograddivu® + Rgraddivu’ + F/ (x)=-ppo’u’ — pr*u’

To construct the solutions of this system we define Green tensor of it.

4. Green Tensor of Biot’s Equations by Stationary Oscillations
Let’s construct fundamental solutions of the system (1) in the form:

F?S Stile .
, = I[C.] k §(x)e_la)t, k=1,.,N,j=1..,2N 9)
£ SiiNes

where é}g is Kronecker symbol. They describe the motion of Biot medium at the action of sources of stationary oscillations,
concentrated in the point x=0. The upper index of this tensor fixes the current concentrated force and its direction. The lower index
corresponds to component of the movement of the skeleton and fluid, respectively K=1, ..., Nand K=N+1, ..., 2N.

Their complex amplitudes U ,{1 (x,w) (j,m=1,....,2N) satisfy to the next system of equation:
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(A+pu)US i+ pUf 5+ pUUk+QUk+N—a)zpleikJrNJré‘(x)é‘J].‘ —ol

Joji i, jj Juji >
(10)
k 2 k+N 2 k+N k
j=1..,2N, k=1..2N
Since fundamental solutions are not unique, we’ll construct such, which tend to zero at infinity:
U/ (x,0) >0 at [x]|—>x (11)
and satisfy to radiation condition of type of Somerfield radiation conditions [10].
Matrix of such fundamental equations is names Green tensor of Eq. (8).
5. Construction of Fourie Transformant of Green’s Tensor
To construct U ,{1 (x,w) we use the Fourier transformation. For this the next basic function were introduced:
1 f( i~k (5 > 0)) .
Jor(&:0)=————, fa(0)="———, j=12; (12)
20 —w? Y —iw
o
where é: = ((fl yeees é: N) are Fourier variables. The next theorem was proved [1,2].
Theorem 1. Components of Fourier transform of fundamental solutions have the form
j=LN, k=LN,
—k . .
Uj =(—l§j)(—1§k)[ﬂ1f21 + P for + Bz |+ (P125 N~ P20; )foa
Tk . .
Uj+n :(—lfj)(—lfk)[ylle+7/2f22+73f23]_ +N ”5” Sz = (P115 N+ P10 )f03
j=L,..,N k=N+1..2N
—k ] i 1
Uj= (—lfj )(_lgka)[nleI +1, o0 +113.S23 ]+ a—(/?125 N~ P20 )fos
5k . .
Ujn :(—lé:j)(—lfk—N)[éﬁle +63 /2 +§3f23]_ +N ”5” Sz = (P115 N T PRY; )fo3
where the next constants have been introduced.:
dy=(A+ )Py =0p1y, d=0py~Rpy,,
@ =0pn—(A+4)pns ¢ =pR-0pps,
D, p,.c’ d
l+j 17722 .
pr=(-1) " === [dl vy +—2b; |, j=12,
a,U;; P2
2
c d
B, =— PG . (dll)/G +_2b/'3}
a, (/01 1Pn ~ P ) U315, P
I+j chjz' - Dic3up
7, =(-1) (¢1by +aaby). J=12. 7= (163 + b 5)
U5 OhU31U3)
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D,.c 2
B 1+ Hie j . ___Qbp
n,=(-1) (diby+drdy), =12, ny=-—"2—(dib;s+dyd),
QU 03103,
) c2 2
B 1+ . _ Gy
é/j _(_1) ((Ilbf +q2ds1) J _1729 4/3 - (qlbf3 +q2ds3)’
U5 U303,
This form is very convenient for constructing originals of Green tensor.
6. Green Tensor and Generalized Solutions
The originals of basic function:
-1
@, (x,0)=F"'[ f,, (&, @)],
are fundamental solution of Helmholtz equation:
_ w
(A+K, )@, +c,28(x)=0, k,=— (13)
c

m

Fundamental solutions of Helmholtz equation which satisfy to Sommerfeld conditions of radiation, are well known [10]:

_ 1 ; W
forN=3 Dy, = : elkmr’ k,=—;
4rre Con
for N =2 __L o
or (DOm - 402 Ho (kmr)’

where H 5-1) (kmr) is cylindrical Hankel function of the first kind;

for N=1 0”0”1:%”’?'.
C

m-m

These functions (subject to factor e_m}t )) describe harmonic waves which move from x=0 to infinity and decay at infinity. Last
property is true only for N=2,3. In the case N=I all fundamental solutions of Eq. (16) don’t decay at infinity.

Using theorem 1 the next theorem was proved.

Theorem 2. The components of Green tensor of Biot s equations at stationary oscillations with frequency w, satisfying the conditions
of radiation, have the form:

Sfor j:,_N, k=1,N,

3 2
o0°® 1
—2 ()m k
— 5k 07 | Dy,
Zﬂ ox axk o, (,012 AN T P22 ) 03
3
o’ 1

w2 9 Zom H -2 2 koL .
J+N = Z7m ox 0, a2w2 (c3 5(x)+k3 D, )07, n 052 (P115 N T P10 )q)03»

for j=1L..,N k=N+1,..,2N

3 2
oD 1
Ul =0 —om 5t st
J mZ:lUm axj o, (Plz +N T P2 ) 03
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3 2
_ oD J7R 1
Ut =—o™ Om. o 28 (x)+kED,, )S*  —— (905 + St ) D
J+N mZ_;Gm 6xj8xk aza)z( 3 ( ) 3Pg,) j+N . (,011 N T P12 ]) 03

Under the action of arbitrary mass forces with frequency w in the Biot’s medium, the solution for complex amplitudes has the form
of a tensor-functional convolution:

u;(x,0) =Uk(x,0)* F,(x)e™™, j,k=1,2N (14)

Note that the constructed solutions can be used to solve non-stationary problems, to study non-stationary processes in the Biot
environment. For this purpose, the inverse Fourier transform in time should be used. Such solutions were constructed by the authors
in [12].

7. Dynamics of Biot’s Medium by Action of Concentrated Periodic Mass Forces

Here are some results of the computer implementation in the Mathcad system of the Green tensor, which describe the dynamics of
a two-component Biot medium under the action of concentrated sources of stationary oscillations of various frequencies (from 1 to
100).

Figures 1.1-1.4 show the displacements of the solid component under the action of a force along the X2 axis, and Figures 1.5-1.8
show the displacements of the liquid component under the action of a force along the X2 axis.

The following designations are used on the graphs: R e U displacement at the beginning of the oscillation period at

, . T 2 ,
t=nT, Im U - displacement after a quarter of the periodat at ¢ =nT +Z, n=0,1,2,... T =— is oscillation period.
’ (7
ﬂ=1,ﬂ=l,Q=1,R=2,p11 =1,p22 =3,p22 =0.02.

RUsy RUsg | x2n |,1); 3

RUsz|

RUss|

RUss| RUss|

Adv Theo Comp Phy, 2024 Volume 7 | Issue 3 | 6



RUsq| BUss | x2n |.100]; ;

RUss | xn |.100; 2 phogsssmion

RUsg

RUss | xn | 100[; 5-3

RUsg

Figure 1.1: Displacement of a solid component under the action of a force F* along the X2 axisatt=nTanda) w =0.1,b) w =1
,¢)w=10,d) 0=100
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Figure 1.2: Displacement of a solid component under the action of a force F* along the X2 axisat f =n7 +— anda) »=0.1,b)
w=1,¢)w=10,d)»=100 4
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Figure 1.3: Displacement of a solid component under the action of a force F* along the X2 axisatt=n7Tanda) v =0.1,b)w =1
,¢)w=10,d) =100
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Figure 1.4: Displacement of a solid component under the action of a force F* along the X2 axis at £ =nT +— anda) w=0.1,b)
w=1,c¢)w=10,d)o=100 4
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Figure 1.5: Displacement of fluid under the action of force F'/ along the X2 axis at f=nTand a) w=0.1,b) w =1, c) w =10, d)
=100
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Figure 1.6: Displacement of fluid under the action of force F/ along the X2 axisat ¢ =nl + Z anda) w=0.1,b)o=1,c)w

=10, d) w = 100

Calculations are given for water-saturated soil in dimensionless parameters. . The unit of stress is the shear modulus of the solid
component u , the density of the mass — is the density of water p,,, time in seconds. As is customary in seismology, we assume A = u

RUff

RUff|

RUff| | s2n |.0.1

1.1

1.3

6107

410°

210

RUfE

RUfE

RUfE

Adv Theo Comp Phy, 2024

Volume 7 | Issue 3 | 10



20 T T T T T T T T
(1) ] (1) ]
RUE| | 2a |, 100
RUR |20 |10} 1 49 |2 10y
_'.\021 i _I'~DJ' d
i 1 A !“ 1 \ T
RUsH] [ xn | 10),, T RUSH{| 2a |, 100,
o) | o) |
1y 7 -10 (1Y) ]
RUS| | 20 |10, 5 RUEF | 20 [.100); 5
o) | Lo ]
o - - -0
1 1 1 | |
-4 B 0 2 4
xn i
c) d)
Figure 1.7: Displacement of fluid under the action of force F/ along the X2 axis att=nTanda) v =0.1,b)w=1,¢) w =10, d)

o =100

The graphs show the amplitudes of oscillations in the Biot medium under the action of concentrated sources of oscillations at the
origin of coordinates on the segments whose coordinates are indicated in columns of variable functions on the ordinate axis at fixed
times, separated by a quarter of a period from each other. These are the maximum amplitudes, the magnitude of which depends on

the frequency.
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Figure 1.8: Displacement of fluid under the action of force F'/ along the X2 axisat  =nT +— anda) w=0.1,b)w=1,c)®
=10, d) @ = 100 4
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A program has also been developed for calculating the
displacements of the solid and liquid components under the
action of distributed forces in the solid and liquid components on
the segments. Based on the materials of these studies, an article
is being prepared for the foreign press.

8. Conclusion

Note that mass forces may be different from the space of
generalized vector-function, singular and regular. Since Green
tensor is singular, contains delta-functions, this convolution are
calculated on the rule of convolution in generalized function
space. If a support of acting forces are bounded (contained in
a ball of finite radius), then all convolutions exist. If supports
are not bounded, then the existence condition (17) require some
limitations on behavior of forces at infinity which depend on the
type of mass forces.

The obtained solutions allow us to study the dynamics of porous
water and gas-saturated media at the action of periodic sources of
disturbances of a sufficiently arbitrary form. In particular, under
the action of certain forces on surfaces, for example cracks, in
porous media that can be simulated by simple and double layers
on the crack surface.

There is another feature of the Green tensor of the Biot equations,
which can be used for solving boundary value problems based
on the boundary untegral equations method.

This monograph was prepared and submitted for publication with
the financial support of the Science Committee of the Republic
of Kazakhstan under the republican program BR20281002
“Fundamental research in mathematics and mathematical
modeling.”
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