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Abstract

We explored an extension of the Cauchy-Riemann equations to the algebra of treons, recently described by Alejandro
Bermejo, whose elements are ordered 3-tuples. We leveraged the isomorphism between the algebra of treons and algebra
B, and deduced the Cauchy-Riemann equations for the algebra of treons, establishing the necessary conditions for
analyticity in this algebraic structure. This work significantly broadened our horizons in complex analysis and introduced
new possibilities for applications across various fields of advanced mathematics.
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1. Introduction

The algebra B is a recently described algebraic structure by Alejandro Bermejo, whose elements are ordered 3-tuples (x,, x,, x,) [1].
This algebra is isomorphic to another algebra whose elements, termed treons by Bermejo, are represented in the form x, +x,i + x,/,
where 2 = j2 = —id, with id denoting the identity element of the algebra where treons are defined [1,2]. The structure of these treons
allows for an extension of the concept of complex numbers to a system with new possibilities in the study of complex analysis.

The Cauchy-Riemann equations are a set of necessary conditions that functions of a complex variable must satisfy to be holomorphic
(analytic) in a domain [3,4]. These equations are fundamental in complex analysis because the differentiability of complex functions
is strictly related to the fulfillment of these equations [3-5].

We extend the framework of the Cauchy-Riemann equations to the algebra of treons. Utilizing the isomorphism between algebra
B and the algebra of treons, we propose a derivation of the Cauchy- Riemann equations adapted to this new algebraic structure [2].
This development not only broadens the boundaries of complex analysis but also establishes a foundation for future research in
advanced algebras and their applications. The derivation of these equations in the context of treons is crucial for understanding and
leveraging the analytic properties in this algebraic structure.

2. Derivation
Due to the isomorphism between the algebra B and the algebra of treons, X [2], we can establish the equivalence:

(1,22, 23) = x11d + @21 + 237,

where (z1, 22,23) € B and x1 + 227 + 23j € X. For simplicity, we assume id = 1.
Let an arbitrary treon be x = x1 + 22 + 235 and let f(z) be a mapping, we have:

f((@1, 22, 23)) = fz1 + 221 + 237).
Let u((x1,x2,x3)), v((z1,z2,23)), and w((x1,x2,x3)) be three mappings such that:
flxy + xoi + x3)) = u(wy, 22, 23) + t0(x1, 2, 3) + jw(T1, T2, T3).

where we simplify the notation of two parentheses as follows: ®((x1, 2, %3)) = ®(x1, T2, T3).
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Let a fixed point g = (z1,, T2,, T3,) = T1, + T2,% + T3,]-

With all this, we evaluate each of the limits for the corresponding directions of the three components of the treon x.

2.1 Variation in the First Component of a Treon
Let there be an arbitrary increment in the direction of the first component, Ax,, with respect to the fixed point x,. Then, the limit of

S(x)as Ax, — 0:
f(170+A131)—f(I0) 0 (1‘0),

1 = —

Az1—0 A.’El 8(E1

where r = zg + Az, thus Az; = 2 — 9. Then:

) f(z1, + Axy, 9y, w3,) — f(215, T2y, T3,)

— — I
61‘1 (xo) Awlln—lw A1‘1 ’

which can be rewritten as:
0 (20) = lim u(wy, + Az, oy, T3,) + (21, + Ax1, Xy, T3,) + jw(T1, + A1, T2y, T3,)

— f(zo) =
83:1 Az —0 ACEl

_u(mlo’ L2 3730) + iv(xlov L2 LL‘30) + jw('rlmm%?m?to)

Allfl
— lim U(xlo + Az, X245 xBO) - u(xloa L2, x3o)
Ax1—0 Aml
. . U(Zl?lo + Amla :C207 :C3o) - v(xloa x?oa $30)
+4 lim
AQ?l

ALElA)O

+ lim
| Ou . Ov Ow

= |:81:1+Z6:C1 +jal‘1:|x0

w(zy, + Az, 22, 23,) — W(T14, T2, T3, )
AZL’l

2.2 Variation in the First Imaginary Component of a Treon
Let there be an arbitrary increment in the direction of the first imaginary component, iAx, =x2, i—x2 ..

point x,. Then, the limit of /(x) as iAx, — 0 is:
S0 ¥iBo) ) 0y,

Axzy—0 1Axo 10T2

i, with respect to the fixed

where x = xg + iAxs, thus iAzs = x — xg. Then:

a f(‘rloa ’1:2() + AIEQ,:C:;O) - f(’rloa :I:QO, 1:30)

f(zo) = Aiggo 1Axo

3

iaxg

which can be rewritten as:

L u(ry,, X2, + Ao, x3,) + 0(x1,, T2y + Ao, T3,) + jw(T1,, T2, + A2, X3,)
f(zo) = lim .
Azy—0 1Axo

u(mloa L2 $30) + iv(xlov L2 x30) + jw(xlov L2 3330)

iAl‘Q
_ (U($10,$20 + Axy, x3,) — U($10,$20,$30)>
= lim -

1Axo

Axo—0

+4 lim
Axo—0

’U(:El(ﬂxQo + AQ?Q, 1'30) - ’U(mloa 3720, 3730)
iAl‘g

v lim <w(m10, 9, + Al’g,-xggo) —w(z1,, T2y, xgo))
Azy—0 1Axg
ou i v L ow
= i
i&xg i8x2 jiawg oo
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| ov L Ou COow

= ) .
81‘2 6352 J i(’)xg Zo

2.3 Variation in the Second Imaginary Component of a Treon
Let there be an arbitrary increment in the direction of the second imaginary component, jAx,, with respect to the fixed point x . Then,

the limit of /'(x) as jAx, — 0 is:

. flzo+ jAx3) — f(xo) O
A}vl;go jAzs B jaxsf(xo)’

where x = z¢ + jAzxs, thus jAxs = x — x¢. Then:

: 0 (mO) — lim f('rloaxQOax?)o —|—jAZ‘3) - f(xlovx207x30)7
which can be rewritten as:
0 fzo) = lim u(T1,, T2y, T3, + JAT3) + iv(T1,, T2y, T3, + JAT3) + jw(x1,, Toy, T3, + JAX3)
jal'g Az3—0 jAQ?g,
_U(LE1O, L2¢5 -1‘30) + iv(xlov L2095 J330) + jw(1‘10,1‘20,1‘30)
JAz3
— lim u(z1,, Ty, T3, + JAT3) — u(w1,, T2y, T3, )
Axz—0 ]Afrg
+Z hm (v(xlou‘rQoﬂ‘r?)o +]A$3) _U(xlova(]vxSo))
Axzz3—0 jAl‘3
+] lim <U)(I’10,1'20,1'30 +]A$3) - w(xloax203x3o)>
Axz—0 ]AxB

ou . Ov _odw
- |:j8l'3 +Zj8x3 +Jj6x3LO
_|[Oow . Ov . O0u
= [81:3,+Zj8:z:3 —yamgko.

Therefore, we have three equations:

81‘1 0 _8.%‘1 81‘1 J(‘)xl - ’
0 [Ov . Ou . Ow

52,0 = |50 " omy +Ji8x2LO’
0 [Ow . Ov Ou

jang(m) = _373;‘3 +Zj8x3 ]8.7;3]% .

For the derivative to exist at the fixed point, the limit must be the same regardless of the direction in which it is evaluated. Moreover,
one treon is equal to another treon if their respective components are equal [1,2]. According to this, we have:

ow v v . Ou
= |7+ — ) .
81‘3 jaxg ]8.1'3 oo

ou . Ov ,8w} [81} COu ,8w}

_— 4 — - g —
8.’171 Z@xl J(’)xl 856’2 18332 +J’i8.’L’2

Comparing component by component, we have:

du __ Ov - Jv s Ou s ow __ ; Ow
o If Fa- = 9, and i5- = —ig, then j g% = j5.
Ou _ Ow FOow i Ou ; Ov _ ; _Ov
¢ If 8901 - 8903 and ‘76931 - ]8w3’ then lawl - Zj8m3 :
We are left with the following equations:
ou v ow . Ov . Ou ow . Ou

Oz1 0wy  Ovs Oz 0wy Jom

7]67333’
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which is the corresponding Cauchy-Riemann equations for the algebra of treons.
Therefore, these are the required conditions for an arbitrary function with a treon domain to be” holomorphic” in some subspace of
the treon space.

3. Conclusions

We derived the Cauchy-Riemann equations for the algebra of treons, extending the concept of holo- morphism to this algebra.
Utilizing the isomorphism between the algebra B and the algebra of treons, we demonstrated that treonic functions defined in this
context must satisfy equations analogous to the classical Cauchy-Riemann equations.

Our resulting equations represent a natural extension of the Cauchy-Riemann equations to the realm of treons. This result not only
expands the tools available in complex analysis but also introduces a new paradigm for research in advanced algebra.

Our Cauchy-Riemann equations for treons represent a significant advancement in the field of algebraic analysis, establishing a solid
foundation for the study and application of algebraic structures in various areas of modern mathematics.
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